The usual see-saw mechanism for the generation of light neutrino masses is based on the assumption that all of the flavours of right-handed (more properly, sterile) neutrinos are heavy 1 . If the sterile Majorana mass matrix is singular, one or more of the sterile neutrinos will have zero mass before mixing with the active (left-handed) neutrinos and be light after that mixing is introduced. In particular, a rank 1 sterile mass matrix leads naturally to two pseudo-Dirac pairs, one very light active Majorana neutrino and one heavy sterile Majorana neutrino. For any pattern of Dirac masses, there exists a region of parameter space in which the two pseudo-Dirac pairs are nearly degenerate in mass. This, in turn, leads to large amplitude mixing of active states as well as mixing into sterile states. *
Introduction
Conventional wisdom holds that neutrinos ought to be Majorana particles with very small masses, due to the action of a "see-saw" mechanism [1] . On the other hand, there have been recent theoretical suggestions [2, 3] that neutrinos may well be Majorana particles occuring in nearly degenerate pairs, the socalled pseudo-Dirac neutrinos. The recent studies at Super Kamiokande [4] of atmospheric neutrinos, which appear to require oscillations between nearly maximally mixed mass eigenstates, appeared to lend credence to this suggestion, although the present analyses show that this mixing cannot be entirely to sterile states [5] .
There is no overriding principle to specify the structure of the mass matrix assumed for the sterile sector in flavor space. Some early discussions [6] implicitly assume that a mass term in the sterile sector should be proportional to the unit matrix. This has the pleasant prospect, in terms of the initial argument for the see-saw, that all neutrino flavors have small masses on the scale of other fermions. However, since there is no obvious requirement that Dirac masses in the neutral lepton sector are the same as Dirac masses in any other fermionic sector, this result is not compelling. Another possibility, which we shall discuss here, is that, in flavor space, the rank of the mass matrix for the sterile sector is less than the number of flavors.
In this paper, we shall concentrate on the case of a rank 1 sterile matrix, relegating the rank 2 case to some remarks at the end. Before including the effects of the sterile mass, we assume three non-degenerate Dirac neutrinos, (although this is not essential,) which are each constructed from one Weyl spinor which is active under the SU (2) W of the Standard Model (SM) and one Weyl spinor which is sterile under that interaction. Being neutrinos, both Weyl fields have no interactions under the SU (3) C or the U (1) of the SM. There is then an MNS [7] matrix which relates these Dirac mass eigenstates to the flavor eigenstates in the usual manner. Note, however, that these matrix elements are not those extracted directly from experiment, as the mass matrix in the sterile sector will induce additional mixing.
We next use the Dirac mass eigenstates to define bases in both the active 3-dimensional flavor space and the 3-dimensional sterile space 2 . Following the spirit of the original see-saw, we allow for no Majorana mass term in the active space.
A rank 1 sterile mass matrix may be represented as a vector of length M oriented in some direction in the 3-dimensional sterile space. If that vector lies along one of the axes, then that Dirac neutrino will partake of the usual see-saw structure (one nearly sterile Majorana neutrino with mass approximately M and one nearly purely active neutrino with mass approximately m 2 D /M ) and the other two mass eigenstates will remain Dirac neutrinos. If that vector lies in a plane perpendicular to one axis, the eigenstate associated with that axis will remain a pure Dirac neutrino, and the other two will form one pseudo-Dirac pair and a pair displaying the usual see-saw structure. Both of these pairs will be mixtures of the 4 Weyl fields associated with the two mixing Dirac neutrinos. In general, the structure will be 2 pseudo-Dirac pairs and one see-saw pair, all mixed.
As we remarked above, the very large mixing required by the atmospheric neutrino measurements was initially taken to be evidence for a scheme involving pseudo-Dirac neutrinos. (This, afterall, follows Pontecorvo's initial suggestion [8] .) However, pure mixing into the sterile sector is now strongly disfavored [5] . It is evident from the discusion above that there is a region of parameter space (directions of the vector) in which the two pseudo-Dirac pairs are very nearly degenerate, giving rise to the possibility of strong mixing in the active sector coupled with strong mixing into the sterile sector. We shall explore this point in some depth.
The organization of the remainder of the paper is as follows. In the next section we present the mass matrix, discuss the parameterization of the sterile mass matrix and various limiting cases. We show the spectrum for a general case. In the section following that, we specialize to the case where the vector representing the sterile mass entry lies in a plane perpendicular to one of the axes. In this case we can carry out an analytical expansion in the small parameter < m D > /M . In the fourth section we apply those results to the case where the plane in question is perpendicular to the axis for the middle Dirac mass, raising the possibility of near degeneracy between pseudo-Dirac pairs. Moving away from that plane produces large mixing amongst the members of those pseudo-Dirac pairs. Finally, we remark on the structures expected for a rank 2 sterile matrix and then reiterate our conclusions.
General mass matrix
The flavor basis for the active neutrinos and the pairing to sterile components defined by the (generally not diagonal) Dirac mass matrix could be used to specify the basis for the sterile neutrino mass matrix M S . Instead we take the basis in the sterile subspace to allow the following convention. This implies a corresponding transformation of the Dirac mass matrix, which is irrelevant at present since the entries in that matrix are totally unkown.
Choose a mass eigenvalue of M and an eigenvector in the third direction. Then rotatate to Dirac mass eigenstates, first by an angle of θ in the 1 − 3 plane and then by φ in the 1 − 2 plane. This gives a 3 × 3 mass matrix in the sterile sector denoted by
In this representation, the Dirac mass matrix is
Note that there are special cases. For θ = 0 and any value for φ,
For θ = π/2 and φ = 0,
and, for θ = π/2 and φ = π/2,
The 6 × 6 submatrix 3 of the full 12 × 12 is, in block form,
Note that, in the chiral representation, the full 12 × 12 matrix is
Thus the full set of eigenvalues will be ± the eigenvalues of M. Where it matters for some analysis we keep track of the signs of the eigenvalues; however for most results we present positive mass eigenvalues. After some algebra, we obtain the secular equation
and for θ = π/2 and φ = π/2
If m
Note that in each of these cases the sterile neutrino and the original Dirac neutrino it is aligned with become a traditional see-saw pair.
To study the system in general, we need to pick some numerical examples. For the current exercise, we have picked the following parameters. M = 1000
For this choice, the eigenvalues have a definite pattern for all values of θ and φ. There are two very close pairs, with values between 1 and 3. There is one very small eigenvalue, of order 10 −3 reflecting the ratio of m to M , and one of order 10 3 (i.e., of order M ). Treating the see-saw couple as a pair allows us to present three tables of such pairs for sets of angles θ, φ = π/8, π/4, 3π/8. 
Two flavor subspace
In the next section we shall discuss the case where two of the pseudo-Dirac pairs are nearly degenerate and follow the mixing patterns as we move away from that region of parameter space. To facilitate that discussion, and to explore a system where analytic approximations are available, it is useful to examine the limit where one Dirac mass eigenstate remains uncoupled from the other two. Anticipating the following section, we decouple m 2 . This is equivalent to examining a two flavor system in which the Dirac mass eigenvalues are m 1 and m 3 and the vector describing the sterile mass is described by φ = 0. It is useful to define some new symbols:
and c = cos θ, s = sin θ. Note the additional 1/ √ 2 factor in a. It helps to transform the mass matrix
so one can see that to lowest order the three small eigenvalues are ±m 0 , 0. Note the minus sign on the a in the (2,4) and (4,2) positions. The matrix effecting the transformation
This suggests writing the characteristic equation as:
which is convenient for iterative solution in a series in M −1 . The usual equation obtained directly from |M ∞ − µ| = 0,
is just the same equation.
The solution to order M −2 is now
Notice that the eigenvalues sum to M as they must, but the ±m 0 eigenvalues are shifted in the same direction at O(M −1 ) and in opposite directions at O(M −2 ). Note that µ 3 and µ 4 , do not pick up O(M −2 ) corrections; their next correction is at the next order.
Nearly degenerate psudo-Dirac pairs
Applying the techniques of the last section, we find the angle θ such that m 0 = m 2 . We then move φ away from 0 and display the eigenfunctions by giving the amplitudes in the original basis. To illustrate the general nature of the result, we have changed the Dirac masses from the even spacing used above.
In the following table, the Dirac masses are taken to be m 1 = 1, m 2 = 1.1, and m 3 = 3. This effectively means that m 1 is taken to set the scale. To display the structure of the spectrum, rather than to seek a realistic example, we have chosen M S = 1000. The angles are given in degrees. This table represents a small part of the available parameter space and was chosen to display some possible features. First, θ was chosen so that, at φ = 0, the Dirac pair at m 2 was bracketed by the pseudo-Dirac pair. Such a θ will exist for any pattern of the Dirac masses. Then, for small values of φ, there will be two nearly degenerate pseudo-Dirac pairs.
Note that, for φ = 0, there is no mixing between the fields labelled by 2 and the remaining fields, while for the next entry at φ = 2.25 degrees there is considerable mixing. That mixing continues as φ increases while the eigenvalues move apart. The pattern described by the centroids of the pseudo-Dirac pairs is fixed by the angles θ and φ. If M S is increased, that pattern is hardly changed. The primary effect of increasing M S , as would be expected from the analysis in the previous section, is to decrease the separation of the two members of each pseudo-Dirac pair while producing the usual see-saw behavior for the remaining pair.
The implication for oscillation phenomena is clear. A given weak interaction produces an active flavor eigenstate which is some linear combination of the three active components listed in the table. That then translates into a linear combination of the six mass eigenstates. From the table it is clear that the involvement of the heavy Majorana see-saw state is minimal, so the expansion really consists of the light Majorana see-saw state and the four Majorana states arising from the two pseudo-Dirac pairs.
Since these five mass eigenstates have both active and sterile components, the subsequent time evolution will involve both flavor change and oscillation into the sterile sector.
Finally, inspection of the column labelled 1active for φ = 2.25 or φ = 4.5, for example, shows that the presence of a rank 1 sterile mass matrix can seriously change any mixing pattern of the MNS type [7] , from that which would have obtained with purely Dirac neutrinos.
Rank 2
We have not discussed the case of rank 2 matrices explicitly, although the pattern is obvious. In such a case, there would be two see-saw pairs and one pseudo-Dirac pair, leading to three active and one sterile light neutrino. While this pattern is currently being analyzed in the literature, we do not see any compelling pattern for it in the sterile sector. Furthermore, the current interpretation of the atmospheric neutrino data can be accomodated much more easily in the rank 1 case discussed in this paper. Therefore we leave the discussion of rank 2 to a longer paper.
Conclusions
Our analysis shows that, starting with a rank 1 mass matrix in the sterile sector, it is possible to generate in a simple way, scenarios in which one of the active neutrinos mixes in a near maximal way with both active and sterile neutrinos. The super-Kamiokande data allow such mixing.
We are encouraged by this to pursue the concepts presented here in more detail in a later paper.
